
Theor Chem Acc (2007) 117:575–578
DOI 10.1007/s00214-006-0231-0

REGULAR ARTICLE

On the inner and outer radial density functions

Toshikatsu Koga

Received: 27 September 2006 / Accepted: 21 November 2006 / Published online: 5 January 2007
© Springer-Verlag 2006

Abstract Starting from the two-electron radial
density D2(r1, r2), a generalized partitioning of the one-
electron radial density function D(r) into two compo-
nent densities Da(r) and Db(r) is discussed for
many-electron systems. The literature partitioning
(Koga and Matsuyama Theor Chem Acc 115:59, 2006)
of D(r) into the inner D<(r) and outer D>(r) radial den-
sities is shown to minimize the average variance (σ 2

a +
σ 2

b )/2 of the two component density functions Da(r) and
Db(r). It is also found that the average radial separation
halved, 〈|r1 − r2|〉/2, constitutes a lower bound to the
standard deviation σ of D(r).

Keywords Radial density · Partitioning · Inner
density · Outer density · Variance

1 Introduction

The radial density D(r) represents (see, e.g., [1]) the
probability density function of finding an electron at a
distance r (0 ≤ r < ∞) from the coordinate origin, and
is normalized to the number N of electrons as
∞∫

0

dr D(r) = N. (1)

In a recent paper [2] published in this Journal, it was
shown that for systems with N ≥ 2, D(r) is rigorously
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separated into inner D<(r) and outer D>(r) densities,

D(r) = D<(r) + D>(r), (2a)

where

D<(r) = 2
N − 1

∞∫

0

dr2 H(r2 − r) D2(r, r2)

= 2
N − 1

∞∫

r

dr2 D2(r, r2), (2b)

D>(r) = 2
N − 1

∞∫

0

dr2 H(r − r2) D2(r, r2)

= 2
N − 1

r∫

0

dr2 D2(r, r2), (2c)

in which

H(x − c) =
⎧⎨
⎩

0 , x < c
1
2 , x = c
1 , x > c

, (3)

is the Heaviside function [3] and D2(r1, r2) is the two-
electron radial density function (see, e.g., [2,4]). The
latter function represents the probability density that
one electron is at a radius r1 and the other electron at a
radius r2, when any two electrons are considered simul-
taneously, and is normalized to the number of electron
pairs as

∞∫

0

dr1

∞∫

0

dr2 D2(r1, r2) = N(N − 1)

2
. (4)
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In Eq. (2a), the inner density D<(r) is the probability
density that one electron moves with a radius r which
is smaller than the radius of the other electron, while
the outer density D>(r) is the probability density for the
opposite situation. These radial densities are normalized
as
∞∫

0

drD<(r) =
∞∫

0

drD>(r) = N
2

, (5)

in accordance with Eqs. (1) and (2a). The partitioning
(2a) is based on a relation

D(r) = 2
N − 1

∞∫

0

dr2 D2(r, r2), (6)

between the one- and two-electron density functions
and an identity

H(x − c) + H(c − x) = 1 (7)

of the Heaviside function for any real values of x and
c. In the present article, we discuss a generalized parti-
tioning of the radial density D(r) into two component
densities Da(r) and Db(r), based on a generalization of
the Heaviside identity (7). Hartree atomic units are used
throughout.

2 A generalized density partitioning

For any real-valued parameters a, b, a′, and b′, which
satisfy a + b = a′ + b′ = 1, we have a general identity
relation

Ga,a′(x − c) + Gb,b′(x − c) = 1, (8a)

where

Ga,a′(x − c) = aH(x − c) + a′H(c − x). (8b)

If we insert Eq. (8a) with x = r2 and c = r into the inte-
grand of Eq. (6), we obtain a generalized partitioning of
the radial density D(r),

D(r) = da,a′(r) + db,b′(r), (9a)

where

da,a′(r) = 2
N − 1

∞∫

0

dr2 Ga,a′(r2 − r) D2(r, r2). (9b)

Because of Eqs. (2b) and (c), Eq. (9b) is rewritten as

da,a′(r) = aD<(r) + a′D>(r) (9c)

in terms of the inner D<(r) and outer D>(r) densities.

We impose a condition that the two component
densities da,a′(r) and db,b′(r) are equally normalized as

∞∫

0

dr da,a′(r) =
∞∫

0

dr db,b′(r) = N
2

. (10)

Then the parameters should satisfy the relations
a′ = 1 − a and b′ = 1 − b due to Eqs. (9c) and (5). We
further add a restriction 0 ≤ a, b ≤ 1 so that the compo-
nent functions da,a′(r) and db,b′(r) are non-negative for
any values of r and are referred to as “densities”. Now,
the generalized partitioning of the density D(r) given by
Eqs. (9a)–(c) reads

D(r) = Da(r) + Db(r), (11a)

Da(r) = da,1−a(r) = aD<(r) + (1 − a)D>(r), (11b)

Db(r) = db,1−b(r) = bD<(r) + (1 − b)D>(r), (11c)

where a + b = 1 and 0 ≤ a, b ≤ 1. The component
densities are weighted sums of the inner and outer den-
sities. In particular, D0(r) = D>(r), D1/2(r) = D(r)/2,
and D1(r) = D<(r).

3 Variances of densities

We first define the moments 〈rn〉, 〈rn〉a, and 〈rn〉b of the
densities D(r), Da(r), and Db(r) by

〈rn〉 = 1
N

∞∫

0

dr rn D(r), (12a)

〈rn〉i = 2
N

∞∫

0

dr rn Di(r) (i = a, b), (12b)

so that 〈r0〉 = 〈r0〉i = 1. From Eq. (11a), we find that
these moments satisfy

〈rn〉 = 1
2

(〈rn〉a + 〈rn〉b
)

, (13)

for any values of a and b. Then the variances σ 2, σ 2
a , and

σ 2
b of the densities D(r), Da(r), and Db(r) are given by

σ 2 = 〈r2〉 − 〈r〉2, (14a)

σ 2
i = 〈r2〉i − 〈r〉2

i (i = a, b). (14b)

Using Eq. (13) and b = 1 − a, we obtain, after some
manipulation, that the average variance (σ 2

a + σ 2
b )/2 of

the two component density functions Da(r) and Db(r) is
expressed as

1
2 (σ 2

a + σ 2
b ) = σ 2 − (a − 1

2 )2 (〈r〉0 − 〈r〉1)
2 . (15)

The average variance takes the maximal value σ 2 when
a = 1/2, which corresponds to Da(r) = Db(r) = D(r)/2.
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For other values of a, (σ 2
a + σ 2

b )/2 is smaller than σ 2.
Since we have put the restriction 0 ≤ a ≤ 1, the average
variance is minimal when a = 0 or a = 1. By virtue of
Eqs. (11a)–(c), both cases are found to correspond to the
separation of D(r) into D<(r) and D>(r). In other words,
the literature partitioning [2] of the radial density into
the inner and outer densities has a characteristics that it
minimizes the average variance (σ 2

a + σ 2
b )/2 of the two

component densities, and is most informative for the
radial distribution of electrons among the decomposi-
tions given in the form of Eqs. (11a)–(c).

The quantities 〈r〉0 and 〈r〉1 appeared in Eq. (15)
are identical to the average outer 〈r>〉 and inner 〈r<〉
radii previously introduced [5–7], respectively, and their
difference 〈r>〉−〈r<〉 is [5] nothing but the average radial
separation 〈|r1 − r2|〉 between two electrons,

〈|r1 − r2|〉 = 2
N(N − 1)

∞∫

0

dr1

×
∞∫

0

dr2 |r1 − r2|D2(r1, r2). (16)

For a = 0 or a = 1, Eq. (15) then gives

σ 2 − 1
2 (σ 2

0 + σ 2
1 ) = 1

4 〈|r1 − r2|〉2, (17)

and the reduction of the variance by the decomposition
of the radial density into the inner and outer densities is
just a quarter of the radial separation squared. Namely,
the partitioning into the inner and outer densities adds
more information on the specification of the electron
radius r, when the radial separation 〈|r1 − r2|〉 is larger.
From Eq. (17), we also have an inequality

σ ≥ 1
2 〈|r1 − r2|〉, (18)

which implies that in general, the average radial sepa-
ration halved bounds the standard deviation σ of D(r)
from below.

4 Numerical illustrations

In atomic systems, the nuclear position is the natural
choice of the coordinate origin for the radius r of an
electron. Figure 1 exemplifies the average variance (σ 2

a +
σ 2

b )/2 of the component densities Da(r) and Db(r) as a
function of the parameter a (= 1 − b) for the eight
second-period atoms, for which different dependences
on atomic number Z are most clear among six peri-
ods examined. The required moment data were taken
from Refs. [2,5], which report the results of numeri-
cal Hartree–Fock calculations. For any value of a (0 ≤

Fig. 1 The average variance (σ 2
a + σ 2

b )/2 as a function of the
parameter a (= 1 − b) for the second-period atoms

Fig. 2 The standard deviation σ of D(r) (open circle) and the
average radial separation halved 〈|r1 − r2|〉/2 (closed square) as a
function of atomic number

a ≤ 1), the variance gradually decreases as Z increases
or we move from the left to the right on the second
period. Analogous trends are observed for the other
periods. Among the eight atoms, the Li atom has an
exceptionally large variance due to the simultaneous
presence of the tight 1s and very diffuse 2s electrons. As
discussed above, all the average variances are maximal(
σ 2

1/2 = σ 2
)

when a = 1/2, and minimal [(σ 2
0 + σ 2

1 )/2]
when a = 0 or a = 1. The difference � between the max-
imal and minimal average variances is largest (1.362) for
Li and is smallest (0.098) for Ne in the second period. In
the other periods, � is mainly largest at group 2 atoms
with two diffuse outermost s electrons and is smallest at
group 18 atoms with all closed subshells as is the case of
the Ne atom.

For the 102 atoms with Z = 2 − 103 in their ground
states [8], we plot in Fig. 2 the standard deviation σ of
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the radial density D(r) and the average radial separa-
tion halved 〈|r1 − r2|〉/2 as a function of Z. The standard
deviation σ shows a periodical structure reflecting the
configuration of valence electrons. Within a period, σ is
maximal either at a group 1 or 2 atom, decreases gradu-
ally with increasing Z, and is minimal at a group 18 atom
in most cases. Several irregularities in the dependence
of σ on Z come from irregular electron occupations of
the outermost d or f subshell of the corresponding tran-
sition or inner transition atoms in the ground state [8].
The average radial separation halved 〈|r1−r2|〉/2 shows a
similar Z dependence, and Fig. 2 demonstrates the valid-
ity of the inequality (18). When the ratio σ/(〈|r1−r2|〉/2)

is examined, however, its average over the 102 atoms is
2.211, with the minimum (1.582) at Li and the maximum
(2.531) at Ra. The lower bound to σ by 〈|r1 − r2|〉/2 is
not very tight.

5 Summary

We discussed a generalized partitioning of the radial
density D(r) into two components Da(r) and Db(r),

based on a generalization of a Heaviside identity. The lit-
erature partitioning [2] of D(r) into the inner D<(r) and
outer D>(r) densities was found to minimize the average
variance (σ 2

a +σ 2
b )/2 of the two component density func-

tions. The average radial separation halved 〈|r1 − r2|〉/2
bounds the standard deviation σ of D(r) from below.

Acknowledgements This work was supported in part by a
Grant-in-Aid for Scientific Research from the Ministry of
Education of Japan.

References

1. Levine IN (2000) Quantum Chemistry, 5th edn. Prentice Hall,
Upper Saddle River, p 146

2. Koga T, Matsuyama H (2006) Theor Chem Acc 115:59
3. Spanier J, Oldham KB (1987) An atlas of functions. Springer,

Berlin Heidelberg NewYork, p 63
4. Banyard KE, Baker CC (1969) J Chem Phys 51:2680
5. Koga T (2004) J Chem Phys 121:3939
6. Koga T, Matsuyama H (2004) J Chem Phys 121:7708
7. Koga T, Matsuyama H (2005) J Chem Phys 122:024113
8. Avery J (2003) In: Wilson S (ed) Handbook of molecular

physics and quantum chemistry, vol 1. Wiley, Chichester,
pp 236–249



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


